INTEGRALS

The measurement of area has been fundamental to science and society since antiquity. In ancient Egypt, surveyors used
knotted ropes to construct right angles, allowing them to measure and restore the boundaries of rectangular fields washed
away by the annual floods of the Nile. While finding the area of shapes with straight sides is straightforward, calculus
provides a revolutionary tool for finding the area of regions bounded by curves.

In this chapter, we will develop a method to find the exact area, A, of the region bounded by the graph of a function y = f(x),
the x-axis, and the vertical lines x = @ and x = b. This area is denoted by the definite integral:
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A APPROXIMATING AREA WITH RIEMANN SUMS

— Method Approximating Area with Riemann Sums

b
We aim to measure the shaded area, denoted / f(x) da, under the curve of a non-negative function y = f(x).
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The key idea, developed by Bernhard Riemann, is to approximate this area by a sum of thin rectangles, known as a
Riemann sum.

1. Approximation with 1 rectangle: We can make a first, rough approximation by filling the area with a single
rectangle of width (b — a) and height f(a) (the value of the function at the left endpoint).




The area is approximated by:
b
[ @~ 0=t
This is clearly an underestimation.

. Approximation with 4 rectangles: To improve the approximation, we divide the interval [a, b] into 4 equal

subintervals, each of width Z’TT‘I. We construct a rectangle on each subinterval, using the function’s value at the

left endpoint for the height.
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The total area of these four rectangles gives a much better approximation:
b
b—a b—a b—a b—a
/ f(z)dz ~ 1 f($0)+Tf($1)+Tf($2)+ f(x3)
a
b—a
~ = [f(o) + f(z1) + f(z2) + f(a3)]
. Approximation with n rectangles: We can generalize this by dividing the interval into n equal subintervals,
each of width Az = b_T“ Let z; =a+iAz for i =0,1,...,n — 1. The sum of the areas of the n rectangles is:
o
Sn=>_ flz:)Az
i=0

As we increase the number of rectangles (n — o), the width of each rectangle becomes infinitesimally small,
and the sum of their areas becomes a perfect match for the area under the curve:

b
/ f(z)dz = lim S,.
a n—oo
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B DEFINITION OF THE DEFINITE INTEGRAL

— Definition Definite Integral
The definite integral of a continuous function f from a to b is the limit of the Riemann sum as the number of
subintervals approaches infinity. It is denoted by:

n—1

/bf( dm—nlggtoxz

—a
and x; is a sample point in the ith

where the interval [a, b] is divided into n subintervals of equal width Az =

subinterval.

e g and b are the limits of integration.

e f(z) is the integrand.

Y ‘/ny(x)

)
/ f(z)dz = Area under the curve
Ja

This notation, introduced by Leibniz, captures the idea of summing ( f is an elongated ’S’ for summa) the areas of
infinitely many rectangles of height f(x) and infinitesimal width dzx.

/ f(x)dx = Sum (u(as of rectangles = Sum f (11
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Definition Signed Area

The definite integral calculates the signed area.
e Area above the x-axis is counted as positive.
e Area below the x-axis is counted as negative.

The integral is the sum of these signed areas.

2

Ex: Determine the integral / 1dzx by interpreting it as an area.
-1

Answer: The integral represents the area under the constant function f(z) =1 from 2 = —1 to = 2. This forms a rectangle
with width 2 — (—1) = 3 and height 1.

Area —3x1=3

2

Therefore, / 1dx = 3.
-1

C PROPERTIES OF THE DEFINITE INTEGRAL

— Proposition Properties of Integration

Let f and g be continuous functions and k be a constant.

1. Zero-Width Interval: u
/ f(z) dx = 0.

2. Additivity of Intervals (Chasles’s Relation): For any ¢ between a and b:

/abf(x)dx:/:f(x)dﬂc—l-/cbf(:r)d:r

Yy y = f(x)

/acf(;c) . : f(z) dx

|
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3. Linearity:

/ '(F@) + 9(e)) do = / fla)det / )i

/abkf(z) i = k/abf(z) da.

D FUNDAMENTAL THEOREM OF CALCULUS

So far, we have defined the definite integral as the limit of a sum—a geometric concept of area. Separately, differentiation
is a process of finding rates of change. The Fundamental Theorem of Calculus provides a profound and powerful link
between these two seemingly unrelated ideas: integration and differentiation are inverse processes of each other.

— Theorem Fundamental Theorem of Calculus
If f is a continuous function on the interval [a,b] and F is any antiderivative of f, then:

b
[ #@ae=rF) - F@

This result is often written using the notation [F(m)]Z = F(b) — F(a).

Proof
The theorem states that integration and differentiation are inverse processes. We can understand this by examining
the "area function".

1. Defining the Area Function: Let’s define a function, A(z), as the area under the curve y = f(t) from a fixed
starting point @ to a variable endpoint z:

Alz) = / (1) dt.
Our goal is to show that the derivative of this area function, A’(x), is simply the original function f(z).

2. The Area of a Thin Strip: By its definition, the area of a thin vertical strip between x and = + h is the
difference between the total area up to = + h and the total area up to x:

Area of strip = A(z + h) — A(z).
3. Approximating the Area of the Strip: As shown in the diagram, if the width A is very small, this thin strip
is almost a perfect rectangle.

e The width of the rectangle is h.
e The height of the rectangle is approximately f(z).

So, we can approximate the strip’s area:

Area of strip ~ f(x) - h.

\—// y = f(x)

{ Area of strip ~ f(x) - h
1

Azt h) = A(x)

+h

[
[
1
[
T

4. Connecting to the Derivative: We now have two expressions for the area of the strip:
Al +h) — A(2) ~ f(x) - h.
Dividing both sides by h, we get the difference quotient for the function A(z):

Alx+h) — A(z)
=AW < pa.
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5. Taking the Limit: This approximation becomes a perfect equality as the width of the strip, h, approaches

zero. Taking the limit of both sides:
Az 4+ h) — A(x)

li = )
lim o f(x)
The expression on the left is, by definition, the derivative of the area function, A’(zx):

6. Finding the Formula: Let F(x) be any antiderivative of f(x). Since all antiderivatives of a function differ
only by a constant, we know that:
Alx) =F(z)+C

for some constant C. To find C, we can evaluate this at z = a:

A@)::/éﬂﬂdtzo
" Fla)+C=0 = C=—-F(a).

Thus the area function is A(x) = F(x) — F(a).
To find the total area up to x = b, we simply evaluate A(b):

b
l/ﬂmsz@:F@—H@

Remark This theorem is fundamental because it connects the geometric concept of area (the definite integral) with the
algebraic process of antidifferentiation. It gives us a powerful method to calculate exact areas without using the limit of a
Riemann sum.

2
Ex: Find/ z2dz.
0

Answer:

1. Find an antiderivative: An antiderivative of f(z) = 22 is F(z) = —.

2. Apply the Fundamental Theorem:

2

8
This means the exact area under the curve y = z* over [0,2] is 3

E INTEGRATION BY PARTS

Integration by parts is a powerful technique for integrating the product of two functions. It is derived from the product rule
for differentiation and effectively reverses it.

— Proposition Integration by Parts
Let u be differentiable and v be differentiable on [a, b]. Then

Proof
The product rule for differentiation states that for two functions u(z) and v(x):

(w(@)v(2))" = v/ (2)v(z) + u(z)v'(z)
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Integrating both sides with respect to x:

/ (u(@)o(a)) do = / o (@)o(z) dz + / w(@) (z) da

Since integration is the antiderivative, the left side simplifies to u(z)v(x):

w(@)o(z) = / o (@)o(x) da + / w(@) () de

Rearranging this equation gives the formula for integration by parts:

Note The key to using this method is to choose u and v’ strategically. The goal is to select a u that becomes simpler
when differentiated (e.g., a polynomial) and a v’ that is easy to integrate. The new integral, [ «'vdx, should be easier to
solve than the original one.

1
Ex: Find / ze® dx.
0
Answer: We have a product of two functions, x and e®. We choose u and v’
e Let u = z (since its derivative v/ = 1 is simpler).
e Let v/ = e (since its antiderivative v = e is easy to find).

Now we apply the formula for definite integrals:

F INTEGRALS AND INEQUALITIES

— Proposition Positivity Rule

Let f be a continuous function on an interval [a,b] with a < b.

b
o If f(z) >0 for all z € [a,b], then/ f(z)dx > 0.

b
o If f(z) <0 for all z € [a, ], then/ f(z)dx <0.

— Proposition Comparison Rule

Let f and g be two continuous functions on [a, b] with a < b.

If f(z) < g(z) for all x € [a,b], then:
b b
/ f(x)dx g/ g(z) dx

Proof
If (x) < g(x), then g(z) — f(x) > 0.
b

By the Positivity Rule, / (9(x) — f(z))dx > 0.
Using the Linearity Propgrty:

/abg(x)d:c—/abf(x)dx>0 = /abf(x)dx</abg(x)dx
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Definition Mean Value

The mean value of a continuous function f on an interval [a,b] (where a # b) is the real number u defined by:

b
u=bia/ f(z)dx

b
Graphical Interpretation In the case where f is positive on [a,b], the equality / f(x)dz = p(b — a) indicates that

the area of the domain under the graph of f is equal to the area of the rectangle with dimensions wand b — a.

Y

N\

G AREA BETWEEN TWO CURVES

We can extend the concept of finding the area under a single curve to find the area of a region enclosed between two different
curves. The area under a curve y = f(x) is a special case where the second curve is simply the z-axis, y = 0.

The general idea is intuitive: the area of the region bounded by an upper function f(z) and a lower function g(z) is found
by calculating the area under f(x) and subtracting the area under g(x). Using the linearity of the definite integral, this
subtraction can be combined into a single integral:

— Proposition Area Between Curves

If f(z) > g(z) for all  in the interval [a,b], the area A of the region enclosed between the curves y = f(z) and
y = g(x) is given by:

b
A= / (F(2)— 9(@)) dz

This can be remembered as the integral of the upper function minus the lower function.

— Method Calculating the Area Between Two Curves

To find the total geometric area enclosed by two curves y = f(x) and y = g(x):

1. Find points of intersection. If the limits of integration a and b are not given, find them by solving the
equation f(z) = g(x) to determine where the curves cross.

2. Identify the upper and lower function. On each interval between intersection points, determine which
function is on top. A quick sketch or testing a point is often sufficient.

3. Set up and evaluate the integral(s). For each interval, calculate fab(upper function — lower function) dz. If
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the upper and lower functions switch, you will need to set up multiple integrals and (for geometric area) sum
their absolute values.

Ex: Find the area of the region enclosed by the curves y =2 + 1 and y = 22 — 1.

Answer:
1. Find intersection points: We set the two functions equal to each other:
r+l=0’-1<<= 22 -2-2=0 <= (z-2)(z+1)=0
The curves intersect at x = —1 and = = 2. These are our limits of integration.

2. Identify the upper function: In the interval [—1,2], let’s test the point z = 0. For y = . + 1, y(0) = 1. For
y=12%—1,y(0) = —1. Since 1 > —1, the line y = x + 1 is the upper function on [—1,2].

3. Set up and evaluate:

1612 24\ (23 12
6 6 6 6 6 6

The area of the enclosed region is % square units.
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