MACLAURIN SERIES

A MACLAURIN SERIES A.3 DERIVING STANDARD MACLAURIN SERIES
FROM FIRST PRINCIPLES

NOTATION
1. Find fM(z), @ (), and O (z).
& k : l (2) (3)
Ex 1: Expand the series for e = & P to the term of order 2. Find f(0), £(0), F(0), and f7(0).
3 k=0 3. Show that the Maclaurin series for e is
' 22
= zk e"=1+zx o + a7 +
e = Ly Z H
k=4
Ex 2: Expand the series for H_—x = Z(—l)kxk up to the term
k=0
of order 3.
s = DI
k=4
> (—l)k 1,.k
Ex 3: Expand the series for In(1 + z) = Z Y up to
k=1
the term of order 4.
e 1 k—1,.k
In(1+2x)= —1—2( )k:
k=5
i k 2k+1
Ex 4: Expand the series for sin(z up to the
= 2k +1)!
term of order 5.
o0 s
sin(z) = o+ Z 2k i Ex 10: For the function f(z) = cos(z),
_|_
= 1. Find fO(2), f® (), O (2) and O (z).

2. Find f(0), f'(0), f®(0), f*(0) and f*(0).

3. Show that the Maclaurin series for cos x is

A.2 WRITING A SERIES USING SIGMA NOTATION

Ex 5: For the series -~ = 1+x 42?423 +..., write the series 9 4 0o &
using sigma notation. cosr=1— r + ﬂ +- Z (=1)" ok
2l (2k)!
00 k=0
1
Z=>1
n=0

Ex 6: For the series e® = 1+x+§+§—?+%+...,writethe
series using sigma notation.

o0
n=0

Ex 7: For the series In(1 + 2) =z — §+1§ - %Jr..., write
the series using sigma notation.

oo
In(l+z) = Z
n=1
Ex 8: For the series cos(z) =1 — “2‘4? + ‘% - %T + ..., write the
series using sigma notation.
oo
cos(x) = Z
n=0

Ex 11: For the function f(z) = -

1—-2?



1. Find fM(z), £ (z), and ) (z).

2. Find £(0), f/(0), f®(0), and £®(0).

1

3. Show that the Maclaurin series for T s

1 2 3 S k

Ex 12: For the function f(z) = In(1 — z),
1. Find fM(z), f@(z), and ) (z).
2. Find £(0), £/(0), f#(0), and f®)(0).
3. Show that the Maclaurin series for In(1 — x) is

: o) k

T T T
In(l —z) = — 7*7*7...:72 -
n( z) . 2 3 kilk

A.4 FINDING SERIES WITH THE BINOMIAL
FORMULA

Ex 13: The general Maclaurin series for the function f(z) =
(1 4+ 2)?, known as the binomial series, is given by:
pp=1)(p=2) 3

~1
(p2' )2 4 o ...

(1+I)p:1+px—|—p
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Use this formula to find the first four non-zero terms of the
Maclaurin series for f(z) = /1 + .

Vit = + ...

Ex 14: Use the general binomial series formula:

(p—1) 5 pp—DP-2) 4
9] x° + 3] x” 4+ ...
to find the first four non-zero terms of the Maclaurin series for

f(@) = oy

(1+x)p:1+pa:+p

b |

Ex 15: Use the general binomial series formula:

—1 -1 -2
p(p )x2+p(p )(p )x3+__.
2! 3!
to find the Maclaurin series for f(z) = (1 + z)3. Explain why
the series terminates.

(1+x)3:‘ ‘

I+z)P=14+px+

B MACLAURIN
APPROXIMATION

POLYNOMIALS FOR

B.1 FINDING MACLAURIN POLYNOMIALS FROM A
GIVEN SERIES

Ex 16: Given the Maclaurin series for In(1 — z) = —x — “‘2—2 —
9”,—33 — %4 — ..., write down the Maclaurin polynomial of degree 3,
P3(Z‘)
P3 (T) =
o0
Ex 17: Given the Maclaurin series 1_%35 = Z(—l)kxk, write
k=0

down the Maclaurin polynomial of degree 4, Py(z), in expanded
form.

Py(x) Z‘ ‘

Ex 18: Given the Maclaurin series for sin(x) = z— g—f + %—T - “;—,7 +

..., write down the Maclaurin polynomial of degree 4, Py(x).

P4(£U) =

B.2 FINDING MACLAURIN POLYNOMIALS FROM
FIRST PRINCIPLES

Ex 19: Find the Maclaurin polynomial of degree 3 for the
function f(x) = e2*.

Ps(x) =

Ex 20: Find the Maclaurin polynomial of degree 3 for the
function f(x) =In(1+ z).

Ps(z) =

Ex 21: Find the Maclaurin polynomial of degree 2 for the

function f(x) = e’
P4 |
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B.3 APPROXIMATING FUNCTION VALUES USING
MACLAURIN POLYNOMIALS

—
[2]=h
0]

Ex 22: & The Maclaurin polynomial of degree 3 for the
function f(x) =1n(1 4 ) is
z? a3
P = — — _—
3(z) = > + 3

Use this polynomial to find an approximation for In(1.4) (round
to 3 decimal places).

In(1.4) zl:]

 — |
EE;
Ex 23: & The Maclaurin polynomial of degree 3 for the
function f(x) = e” is
z?2 a3
P =1 — 4 =

Use this polynomial to find an approximation for e (round to 3
decimal places).

B
E=E:
=

Ex 24: & The Maclaurin polynomial of degree 5 for the
function f(x) = arctan(z) is
x> 2
Pi(z) =0 — — + —
5(z) = x 3 + 5

Use this polynomial and the fact that arctan(l) = 7 to find an
approximation for 7 (round to 3 decimal places).

B.4 ESTIMATING THE ERROR OF MACLAURIN
APPROXIMATIONS

Ex 25: Consider the function f(z) = cos(z).

1. Find the Maclaurin polynomial of degree 4, Py(z), for
f(z) = cos(z).

2. Use this polynomial to approximate the value of cos(0.5).

3. The Lagrange form of the remainder term, R, (x), gives the
exact error of a Maclaurin approximation of degree n, and
is defined as:

f(n+1) (C) anrl

Bn(@) = (n+1)!

for some value ¢ between 0 and . Write down the Lagrange
form of the remainder R4(z) for the approximation in part

(b).
4. By finding the maximum possible absolute value of

R4(0.5), determine the upper bound for the error in your
approximation of cos(0.5).
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Ex 26: Consider the function f(z) = In(1+ x).

1. Find the Maclaurin polynomial of degree 3, P3(z), for
f(z) =In(1 + x).

2. Use this polynomial to approximate the value of In(1.2).

3. The Lagrange form of the remainder term, R, (z), is given
by:

(n+1)
Rola) = T o

for some value ¢ between 0 and x. Write down the Lagrange
form of the remainder R3(x) for the approximation in part

(b).

4. By finding the maximum possible absolute value of
R3(0.2), determine the upper bound for the error in your
approximation of In(1.2).
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1= % +4% — %+ .., find the Maclaurin series for f(z) = cos(2x).

Ex 30: Starting with the Maclaurin series e =

14+ u+ g—? + %—? + ..., use a substitution to find the first
four non-zero terms of the series for f(z) = e**.

C SUBSTITUTION AND
DIFFERENTIATION/INTEGRATION TERM-
BY-TERM

C.1 FINDING NEW SERIES BY SUBSTITUTION

Ex 2T7: Starting with the geometric
1+u+u?+u®+..., find the Maclaurin series for f(x)

1—u
_ 1
T 1-2x°

series L =

Ex 28: Starting with the Maclaurin series e =

1+u %? + %—? + ..., find the Maclaurin series for f(z) = e’

Ex 29: Starting with the Maclaurin series cos(u) =
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C.2 FINDING NEW SERIES WITH THE BINOMIAL
FORMULA BY SUBSTITUTION

Ex 31: Use the general binomial series formula:

-1 —1)(p—2
(p2! )x2+p(p 3)!(19 )x3+...

to find the first four non-zero terms of the Maclaurin series for

f@) = 5

(1+x)p:1—|—px+p

..

Ex 32: Use the general binomial series formula:

-1 —1)(p—2
p(pm )x2+p(p 3)!(29 )xS—Q—‘..

to find the first four non-zero terms of the Maclaurin series for

fla) = VI+a2.

I+z)P=14pz+

V1+a? = +...
Ex 33: Use the general binomial series formula:
-1
(l—i—a:)p:l—i—px—i—%ﬁ—k...

to find the first three non-zero terms of the Maclaurin series for

fl@) =2+
V2+ax= +...
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C.3 DIFFERENTIATING MACLAURIN POLYNOMIALS

Ex 34: Find the derivative of the Maclaurin polynomial of
degree 4 for T1—: Py(z) =1+ +2? + 2° + 2.

Pj(x) =]

Ex 35: Find the derivative of the Maclaurin polynomial of
degree 5 for e”:

Ex 36: Find the derivative of the Maclaurin polynomial of
degree 5 for In(1 + x):

Pi(z) o

Ex 37: Find the derivative of the Maclaurin polynomial of
degree 4 for cos(z):

$2 $4
— 4+ —

Pa(z) =1-5r+

Pi(x) =

C.4 INTEGRATING MACLAURIN POLYNOMIALS

Ex 38: Find the indefinite integral of the Maclaurin polynomial
of degree 3 for 1—: P3(z) =1+ + 2? + a°.

/Pg(x)dx =

Ex 39: Find the indefinite integral of the Maclaurin polynomial
of degree 4 for e*:

2 $3 $4

T
Py(x) = 1+x+—2! +f3! +or
/P4(:r)d:v =

Ex 40: Find the indefinite integral of the Maclaurin polynomial
of degree 3 for cos(x):

/Pg(x)d:v =
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C.5 FINDING NEW SERIES BY DIFFERENTIATION
Ex 41: Consider the Maclaurin series:

1
—  =l4az+4+22+83 42+ ..
1—2z

By differentiating both sides of this equation, find the Maclaurin
series for the function ﬁ

Ex 42: Consider the Maclaurin series for In(1 + z):

2?2 23 2t

In(1 =r - — 4+ — — — + ...
n(l+z)=x 2+3 4+

By differentiating both sides of this equation, find the Maclaurin

series for the function f(z) = 14%%

Ex 43: Consider the Maclaurin series for sin(zx):

$3 I5 $7
— 4+ —

sin(z) =@ =g+ 5 - 5

By differentiating both sides of this equation, find the Maclaurin
series for the function f(z) = cos(z).
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Ex 46: Consider the Maclaurin series for cos(t):
Ex 44: Consider the Maclaurin series for e”:

m=1-L 0
cos(t) =1— — + — — — + ...
v _ 1 L 20 41 6!

e’ = +$+i+§+z+...

By integrating both sides of this equation from 0 to zx, find the
Maclaurin series for the function f(z) = sin(x).

Show that differentiating the series term-by-term reproduces
the original series.

Ex 47:

C.6 FINDING NEW SERIES BY INTEGRATION

1. Starting with the geometric series ﬁ =1l4+u+u+...,

Ex 45: Consider the Maclaurin series: use a substitution to find the Maclaurin series for 14-%
1 =1—t4+t2 34 ... 2. By integrating the resulting series from 0 to z, find the
L+t Maclaurin series for f(x) = arctan(z).

By integrating both sides of this equation from 0 to z, find the
Maclaurin series for the function f(z) = In(1 + z).
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D LINEARITY OF MACLAURIN SERIES

D.1 COMBINING SERIES TO FIND NEW SERIES

Ex 48: This exercise guides you to find the Maclaurin series for
the hyperbolic cosine function, cosh(z).

1. Start with the Maclaurin series for e*. By substituting u =
—z, find the Maclaurin series for f(z) = e™7.

e“+e ”

2. The hyperbolic cosine is defined as cosh(z) = <. Use
your series for e* and e~ * to find the Maclaurin series for
cosh(z).

Ex 50: Consider the Maclaurin series for the real exponential
function:

2 u3 u4 ’LL5

w u
By formally substituting v = iz and rearranging the terms,
show how this series relates to the series for cos(x) and sin(z).

Ex 49: This exercise guides you to find the Maclaurin series for
the hyperbolic sine function, sinh(z).

1. You have already found the series for e* and e™*. Recall
them here.

2. The hyperbolic sine is defined as sinh(z) = £=—. Use

your series for e” and e~ * to find the Maclaurin series for

sinh(z).
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